
Journal of Statistical Physics, Vol. 124, No. 5, September 2006 ( C© 2006 )
DOI: 10.1007/s10955-006-9180-1

Collisional Invariants for the Phonon
Boltzmann Equation
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For the phonon Boltzmann equation with only pair collisions we characterize the set of
all collisional invariants under some mild conditions on the dispersion relation.
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In the study of the Boltzmann equation, collisional invariants play an important
role: for the spatially homogeneous equation they are in one-to-one correspon-
dence with its stationary solutions and for the linearized Boltzmann equation they
yield the eigenvectors spanning the zero subspace. In the kinetic theory of gases,
under rather general conditions, a collisional invariant is necessarily of the form
ψ(v) = a 1

2v2 + b · v + c with arbitrary coefficients a, b, c (1). In case the particles
are relativistic, the kinetic energy, 1

2v2, will be replaced by its relativistic cousin
(1 + p2)1/2, see Ref. 2 for the characterization of the collisional invariants.

In this note we discuss collisional invariants for the phonon Boltzmann equa-
tion with 4-phonon processes only. The essential difference to the kinetic theory
of gases lies in the fact that the role of the kinetic energy is taken by the dis-
persion relation ω(k) which is a fairly arbitrary, non-negative function on T

d , the
d-dimensional torus of wave numbers.

To keep notation simple we discuss a single band model with the hypercubic
lattice Z

d as crystal lattice. Amongst the allowed 4-phonon processes we study
first only the number-conserving ones. For them, under conditions to be specified,
a collisional invariant is necessarily of the form ψ(k) = aω(k) + c, a, c ∈ R. It
is then a simple substitution to check whether the set of collisional invariants
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is further reduced by c = 0 when taking the remaining 4-phonon collisions into
account.

We will work in the extended zone scheme. The dispersion relation ω : R
d →

R then satisfies ω ≥ 0 and is Z
d -periodic, i.e. ω(k + n) = ω(k) for all n ∈ Z

d .
Physically

ω(k)2 =
∑

n∈Z
d

γ (n)ei2πk·n (1)

with γ of exponential decay. Thus ω is real analytic except at points where
ω(k) = 0. For multiband models further points of non-analyticity may occur be-
cause of bund crossings. Therefore we are led to the following.

Assumption 1. Let ω : R
d → R be continuous and Z

d -periodic. There exists a
manifold �0 ⊂ R

d of codimension at least 1 such that ω ∈ C2 on R
d \ �0. ω has

bounded second derivatives which may diverge as �0 is approached.

Definition. A measurable, Zd -periodic function ψ : R
d → R is called a collisional

invariant if

ψ(k1) + ψ(k2) = ψ(k3) + ψ(k4) (2)

for almost every (k1, k2, k3, k4) ∈ R
4d under the constraint that

k1 + k2 = k3 + k4 , (3)

ω(k1) + ω(k2) = ω(k3) + ω(k4) . (4)

Assumption 2. Let �Hess = {k ∈ R
d \ �0, det Hess ω(k) = 0}. �Hess is a set of

codimension at least 1.

Proposition. Let d ≥ 2 and let ω satisfy Assumptions 1 and 2. Furthermore
∫

M∗
|ψ(k)|dk < ∞ (5)

with M∗ = {k = (k1, . . . , kd ) ∈ R
d | |k j | ≤ 1/2 , j = 1, . . . , d}. Then a colli-

sional invariant is necessarily of the form

ψ = aω + c a.s. (6)

for some constants a, c ∈ R.

Remark. The L1-norm in (5) can be replaced by any L p norm, 1 ≤ p ≤ ∞.

For the proof we partition R
2d into the sets �η,ε = {(k1, k2) ∈ R

2d |k1 + k2 =
η , ω(k1) + ω(k2) = ε} with �η,ε = ∅ allowed. Let φ̃(k1, k2) = ψ(k1) + ψ(k2).
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Then by assumption
∫

(M∗)2

|φ̃(k1, k2)|dk1dk2 < ∞ (7)

and by definition, except for a set of measure zero, φ̃ is constant on each set �η,ε.
Let φ : R

d × R → R be smooth and Z
d -periodic in its first argument. We use

the shorthands ω j = ω(k j ), ψ j = ψ(k j ), ∂
j
α = ∂/∂kα

j , ∂ω = ∂/∂ω. Then for any

test function f ∈ S(R2d ) with support away from (�0 × R
d ) ∪ (Rd × �0) one has

∫
φ(k1 + k2, ω1 + ω2)

(
∂1
α − ∂2

α

)(
f
(
∂1
β − ∂2

β

)
(ω1 + ω2)

)
dk1dk2

= −
∫ ((

∂1
α − ∂2

α

)
φ
(
k1 + k2, ω1 + ω2

))
f
(
∂1
β − ∂2

β

)
(ω1 + ω2)dk1dk2

= −
∫

∂ωφ
(
k1 + k2, ω1 + ω2

)((
∂1
α − ∂2

α

)
(ω1 + ω2))

× f
(
∂1
β − ∂2

β

)
(ω1 + ω2)dk1dk2 (8)

= −
∫ ((

∂1
β − ∂2

β

)
φ(k1 + k2, ω1 + ω2)

)
f
(
∂1
α − ∂2

α

)
(ω1 + ω2)dk1dk2

=
∫

φ(k1 + k2, ω1 + ω2)
(
∂1
β − ∂2

β

)(
f (∂1

α − ∂2
α)(ω1 + ω2)

)
dk1dk2 ,

integration over R
2d . Taking limits the identity (8) holds for all φ’s such that∫

(M∗)2 |φ(k1 + k2, ω1 + ω2)|dk1dk2 < ∞. Since, by the argument above, φ̃ is in
this class, we conclude

∫
(ψ1 + ψ2)

((
∂1
α − ∂2

α

)
(ω1 + ω2)

)(
∂1
β − ∂2

β

)
f dk1dk2

=
∫

(ψ1 + ψ2)
((

∂1
β − ∂2

β

)
(ω1 + ω2)

)(
∂1
α − ∂2

α

)
f dk1dk2. (9)

We choose now the particular test function

f (k1, k2) = ∂1
γ f1(k1)∂2

δ f2(k2) (10)

with f1 and f2 supported away from �0 and set

Aαβ( f ) =
∫

ψ(k1)∂α∂β f (k1)dk1 ,

Bαβ( f ) =
∫

ω(k1)∂α∂β f (k1)dk1 ,

A( f1) = A , A( f2) = Ã , B( f1) = B , B( f2) = B̃ . (11)
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Then, see Ref. 3, Section 12, for more details,

Aαγ B̃βδ + Ãαδ Bβγ = Aβγ B̃αδ + Ãβδ Bαγ . (12)

Let us choose f1, f2 such that B and B̃ are invertible and set

C = AB−1 , C̃ = Ã B̃−1 . (13)

Then, see Ref. 3 Appendix 18.4,

Cαγ δβδ + C̃αδδβγ = Cβγ δαδ + C̃βδδαγ . (14)

Setting α = 1, β = 2 and γ = 1, 2, δ = 1, 2, yields

C21 + C̃21 = 0 , C12 + C̃12 = 0 , (15)

C11 = C̃22 , C̃11 = C22 . (16)

In (15) we choose f1 = f2 to infer that C12 = 0, C21 = 0. From (16) we deduce that
there is a constant a such that C11 = a, C22 = a, independent of the admissable
test function. Repeating for further pairs of indices one concludes that

C( f ) = a11 (17)

and hence

A( f ) = aB( f ) (18)

for all test functions f supported away from �0 and such that B( f ) is invertible.
Since the matrix {∂α∂βω(k)}α,β=1,...,d is invertible for k away from �Hess ∪ �0

and since both sets have a codimension larger than 1, by taking limits, (18) holds
for all f ∈ S(Rd ), to say the collisional invariant ψ has to satisfy

∫
ψ∂α∂β f dk = a

∫
ω∂α∂β f dk (19)

for all f ∈ S(Rd ). Integrating yields

ψ(k) = aω(k) + b · k + c a.s. . (20)

To have ψ periodic forces b = 0, which is the assertion of the Proposition.
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